The effect of the Brans-Dicke scalar field on the gravitational corrections to the Sagnac effect has been computed for the first time in the Jordan and Einstein frames. The calculations suggest the possibility that the presence of the scalar field can be detected directly from the basic Sagnac effect in the case of geodesic motions. A second order correction of roughly 0.1 fringe shift for visible light is introduced by the scalar field in the case of polar orbits of the source/observer. It is also demonstrated how the final results in the two frames differ.
INTRODUCTION
Ever since its discovery, Sagnac effect [1] has played a very important role in the understanding and development of fundamental physics. For a recent review, see the works of Stedman [2] . The effect stems from the basic physical fact that the round-trip time of light around a closed contour, when its source is fixed on a turntable, depends upon the angular velocity, say Ω, of the turntable. Furthermore, this round-trip time is different for light corotating and counter-rotating with the turntable. Using Special Theory of Relativity (STR), and assuming Ωr<<c, one obtains the proper time difference δτ S when the two beams meet again at the starting point as [3] : S c 4 2 S Ω ≅ δτ , (1) where c is the vacuum speed of light, S (=πr 2 ) is the projected area of the contour perpendicular to the axis of rotation. Note that the expression (1) represents a lack of simultaneity as recorded by a single rotating clock (from where the beams depart and reunite). It is thus a real physical effect in the sense that it does not involve any arbitrary synchronization convention that is required between two distant clocks [3, 4] . Moreover, the effect is universal as it manifests not only for light rays but also for all kinds of waves including matter waves [5] [6] [7] [8] [9] [10] [11] .
The formula (1) has been tested to a good accuracy and the remarkable degree of precision attained lately by the advent of ring laser interferometry raises the hope that the measurements of higher order corrections to this effect might be possible in the near future [2] . Motivated by this prospect, Tartaglia [12] , in a recent interesting paper, has considered the Einsteinian General Relativistic (EGR) effects on the proper delay time when the source/receiver orbits a massive rotating body (a "massive turntable", as it were). The author considered the Kerr metric for a rotating body and obtained the EGR corrections to the Sagnac effect in the cases when the light source/receiver executes equatorial, polar and geodesic circular motions.
On the other hand, there is a recent surge of interest in the nonEinsteinian theories of gravity such as the celebrated Brans-Dicke (BD) theory [13] or other scalar tensor theories. The motivation comes from the fact that the occurrence of scalar fields coupled to gravity seems inevitable in superstring theories [14] , higher order theories [15] as well as in the extended [16] and hyperextended [17] inflationary theories of the Early Universe. Moreover, scalar tensor theories provide a rich arena for investigations into wormhole physics [18] [19] [20] [21] [22] [23] . One also recalls that the standard solar system tests of gravity were calculated in the BD theory that displayed the effect of the scalar field on those tests. Current experimental estimates place the BD coupling parameter ϖ ≥500. In the same spirit, it seems quite desirable that the effect of the scalar field on the corrections to the Sagnac effect be also calculated using a Kerr-like solution of the BD theory. This precisely is the aim of the present paper, and we follow exactly the same procedure as in Ref. [12] .
In dealing with scalar-tensor theories in general and BD theory in particular, one envisages two types of variables delineating two types of frames, viz., the Jordan and Einstein frames which are connected by the scalar field. In Sec.2, we discuss the rotating solutions in the two frames. Sections 3 and 4 derive, respectively, the exact and approximate expressions for the proper time delay δτ in the case of the equatorial trajectory of the source/observer. The polar and geodesic trajectories are considered in Sections 5 and 6 respectively. In Sec.7, the relevant corrections in the Einstein frame are considered. In Sec.8, numerical estimates for the gravitationally corrected Sagnac delay are considered for Earth-bound experiments, as well the possibility of using optical and matter-wave interferometers to measure higher order corrections. In Sec. 9, we calculate the geodetic and Lense-Thirring precession in the weak field limit of the Kerr-like BD metric for a satellite in a circular polar orbit about the Earth. We end with a summary of our results in Sec. 10.
ROTATING SOLUTIONS IN THE JORDAN AND EINSTEIN FRAMES
Let us first define what are meant by the Jordan and Einstein frames [15, 20] . The pair of variables (g µν , scalar φ) defined originally in the BD action constitute what is called a Jordan frame. Consider now the conformal rescaling (2) such that, in the redefined action, φ couples minimally to µν g for some functions f(φ) and h(φ). Then the new pair ( , g µν scalar φ ) is said to constitute an Einstein frame. The physical pictures described by the two pairs are completely different. In the Jordan pair, the scalar field φ plays the role of a component of gravity in the sense that <φ>≈G -1 , where G is the Newtonian constant of gravity, signifying the Machian character of the BD theory. On the other hand, in the Einstein pair, the scalar φ plays the role of some kind of matter source and is totally unrelated to G. These features will become evident from the field equations that follow. Throughout this paper, we take G=c=1 unless they are explicitly restored.
The matter-free Jordan frame BD action is given by:
[ ]
where ϖ = constant is a dimensionless coupling parameter. The resultant field equations are
where the ; indicates covariant derivative w.r.t. g µν . Following the procedure of Newman and Janis [24] , a two-parameter rotating solution of the above field equations has indeed been found by Krori and Bhattacharjee [25] from the static BD solution. They called it a Kerr-like solution but we choose to call it the KB solution in what follows. In order to see how the different arbitrary constants are related, it is necessary to display the static BD solution which, in "isotropic" coordinates, is: 
where λ, C, φ 0 , r 0 are constants, and the first two relate to ϖ as ( )
The KB solution generated from the above is given by r  r  2  2  a  2  r  ,  2  cos  2  a  2  r  ,  2  sin 
The solutions (9)-(11) represent the exterior metric due to a massive body rotating with respect to the fixed stars, the scalar field being given by Eq. (10) . As one can see, the presence of the coupling parameter ϖ in the solution is manifested through the expressions (8) and (10) . For ξ=0, σ=0, η=1, one recovers the usual Kerr metric in Boyer-Lindquist coordinates. Here r 0 = GM/c 2 , M is the mass of the source and a is the ratio between the total angular momentum J and the mass M, that is, a=J/M. Also note that, for a=0 but ξ, η, σ unspecified, we can recover the static BD solution in "standard" coordinates via the redefinition r →r[1+r 0 /2r] 
where α is an arbitrary constant. The action then is
The resulting field equations are
The KB solutions of the above Einstein-minimally coupled equations (15), (16) can be explicitly written out as:
Here also, for a=0, the solutions (17), (18) go over to Buchdahl solutions [20, 26] in "standard" coordinates under the same radial transformation as stated above.
A final point of this section is in order. Consider the BD static solutions (6) and (7) . The spacetime exhibits a naked singularity at r=r 0 . The reason is that the Ricci scalar
diverge at r=r 0 if C≠0. If C=0, we end up with the Schwarzschild black hole solution. This implies that the presence of a nontrivial scalar field [i.e., C≠0 in Eq. (7)] destroys the black hole character of the solution. This is precisely the essence of the No-Scalar Hair theorem [27] . Note that the singularity in R at r=r 0 can be removed also by choosing d=-1. But then it follows from the metric (6) that g θθ and g ϕϕ both diverge indicating that the surface r=r 0 is not a regular one. A similar situation exists also in the case of KB solutions in the two frames. This may easily be verified by computing the corresponding Ricci scalars. They all diverge where g tt and tt g vanish unless σ=0. The only black hole solution is then the Kerr solution. However, the possibility of naked singularities is of no concern as we are dealing here with the effects of normal, uncollapsed rotating bodies in the weak field region.
EQUATORIAL TRAJECTORY
Consider that the source/receiver of two oppositely directed light beams is moving around the gravitating body, along a circumference at a radius r=R=constant on the equatorial plane θ = π/2. Suitably placed mirrors send back to their origin both beams after a circular trip about the central body. Let us further assume that the source/receiver is moving with uniform orbital angular speed ω 0 with respect to distant stars such that the rotation angle is ϕ 0 =ω 0 t.
Under these conditions, the KB metric (9) reduces to:
The trajectory of a light ray is given by ds 2 =0 which immediately gives
where ω is the orbital angular speed of photons. The two roots Ω ± satisfy the following equations
The rotation angles for light are then
Eliminating t between eqs. (20) and (25), we get
The first intersection of the world lines of the two light rays with the world line of the orbiting observer after emission at time t=0 occurs when (27) where + refers to corotating and -refers to counterrotating beams. Solving for ϕ 0 , we get 
The proper time of the rotating observer is deduced from Eq.(21) as
Therefore, integrating between ϕ 0+ and ϕ 0-, we obtain the Sagnac delay
From Eq.(28), we have, (30), we find
We see that the delay δτ is zero if the angular speed of the orbiting observer is
provided a≠0. In the usual Kerr case, the above reduces to
which is exactly the same as the one obtained by Tartaglia [12] . The observers having the angular speed ω n are locally nonrotating and may be imagined to be equivalent to the static observers in the Schwarzschild geometry for whom no Sagnac effect exists. On the other hand, if the observers keep fixed positions with regard to distant stars so that ω 0 =0, then the Sagnac delay becomes
In the usual Kerr case, one obtains from the above
in which we have used the expression for the moment of inertia I given by J=aM=IΩ 0 where Ω 0 is the angular speed of the rotating source, assumed to be solid and spherical with uniform density. The expression (36) again is the same as in Ref. [12] .
To the order in 1/R 2 , we have, from Eq.(35),
This too coincides with the calculations in the Kerr case when appropriate values σ and η are chosen. However, the effect of the scalar field is manifest in the choice of values for σ and η away from the Kerr values. In particular if σ = η, then δτ 0 =0, that is the delay is completely masked by the scalar field! One may also reexpress the delay δτ 0 in terms of the Lense-Thirring effect given by (see Section 9)
and the result is
If the observer is fixed on the equator, then ω 0 =Ω 0 , then the delay δτ can also be expressed in terms of I, M and Ω 0 :
All these reduce to the corresponding expressions in the Kerr case.
APPROXIMATIONS
For our convenience, let us adopt the following abbreviations
Since we shall be concerned mainly with Earth bound experiments, it is useful to have an idea of how small the quantities ζ, ψ and ε are. For Earth, these are (Exact individual values of the pieces will be given later), , 10 , 10 , 10 9 2
and for Sun, these are:
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With the values displayed in eqs. (43) and (44) in mind, we use the expansions:
where O( ) 3 stands for any cubic terms in the small quantities ζ, ψ, ε. Using these expansions, we obtain the delay, denoting it by δτ E :
After cross multiplying and substituting in the definitions of small quantities in Eq.(49), we get:
The second term above represents the correction due to the moment of inertia I of the rotating source (aM=IΩ 0 ), the third term represents the correction due to the mass term M and the remaining higher order terms represent variously combined effects of I, M and Ω 0 . Most importantly, one can now visualize the effects of the scalar field through the factors η, σ, ξ. In these approximations and for a homogeneous spherical object whose radius is R 0 , one has:
ρ is the density (assumed to be uniform) of the object. Hence a for the sphere is approximately
POLAR (CIRCULAR) ORBITS
We shall now investigate the effect when the light rays move along a circular trajectory passing over the poles. In this case, too, we may take r=R =constant and ϕ=constant. Assuming uniform motion again, we take θ=ω 0 t. Then, we have, using dr=0, dϕ=0, dθ=ω 0 dt and ds 2 =0, from the metric (9):
Under the assumption that a 2 /R 2 <<1, and assuming t=0 when θ=0, we have
(54) During this time, the rotating observer describes an angle θ 0 while light travels an angle 2π±θ 0 (once again, + for co-rotating beam and -for the counterrotating beam) so that
(56) Assume, as we did already, a low speed observer and that the angle 2θ 0 be so small as to justify sin2θ 0 ≅2θ 0 . Then
Solving for θ 0 , we get
Finally, the difference between two round trip "coordinate" times (recalling the approximations already used) comes to
where
Neglecting terms of order R 
Thus, the correction due to the angular momentum of the source is independent of R in this case. The term is in fact given by, using Eq.(52),
where R 0 is the radius of a source sphere of uniform density.
In order to obtain what the rotating observer measures, we must calculate the proper time in his/her frame. This is done as follows: From the metric (9),
For short enough ω 0 t, we have, cos(ω 0 t)≅1, sin(ω 0 t)≅0. Further, neglecting terms of the order R -2
in the integrand, we have
Therefore, the time delay in the polar case, denoted by δτ P , is given by
Therefore, to the first and second orders in ζ, ψ and ε, we have
Comparing with the equatorial case, the excess is, using Eq.(49), The term (η-2ξ)ε cancels out due to the spherical symmetry of the orbits considered. After cross multiplying by δτ S , we get
It may be observed from eqs.(50) and (69) that the scalar field appears only in the terms that contain the gravitating mass M. This fact is quite consistent with the form of the KB metric which also has this property.
GEODESICS
Let us now consider the geodesic motion of the source/receiver having a 4-velocity u where Γ µ να are the Christoffel symbols formed from the KB metric (9) . We can simplify the problem by taking θ=π/2, that is, u θ =0. The geodesic equations do allow such a solution [12, 29] . In this case, sinθ=1, cosθ=0, ω=a and P=1-2M/r. For a circular geodesic orbit with a constant radius r=R, the condition is u 
Thus, at r=R, we finally have, P=1-2M/R and
where ( )
Dividing the numerator and denominator of ω ± by R 3 P ξ and retaining terms up to a/R, we find
The sign flip in this equation can be rectified. Suppose we follow the convention that ω + >0 and ω -<0 in the Kerr limit, that is, the ± signs on ω ± indicate the sign of the frequency. 
Now the traditional Sagnac effect is [12] , obtained here by putting in Eq.(80), a=0, η=1 and σ=0:
Thus, unlike the case of polar or equatorial orbits, the traditional part of the Sagnac effect can not be extracted from the expression for δτ G± above as η appears as a multiplicative factor. This happens due to the fact that we had to differentiate the KB metric tensor components in calculating ω ± . This feature would enable us to look for the effect of the scalar field right in the basic part rather than the higher order correction factors. Note that, for η=1, which corresponds to the Kerr case, the basic effect, δτ S± , is recovered.
EINSTEIN FRAME
Before proceeding, a few words would further illuminate the basic nature of the Einstein frame vis-à-vis Jordan frame. There is a continuing debate as to which of the frames, Jordan or Einstein, is more likely to be physically viable [15] . Both the frames have their own specialities. In the Jordan frame, the sign of the energy momentum tensor is indefinite signifying violation of one or the other energy conditions. In fact, the energy density calculated from the l.h.s. of the field equations (5) could be negative leading to the possibility of faster than light signal propagation. However, the theory does incorporate Mach's principle. In the Einstein frame, on the other hand, the energy momentum tensor of the minimally coupled scalar field is positive definite as long as α is chosen to be nonnegative which means that all energy conditions are satisfied. Hence there is no question of any superluminal signal propagation here but then Mach's principle is not necessarily incorporated. However, as far as our corrections are concerned, we will see that the difference between the corresponding results in the two frames appears only in the combination of η, σ and ξ. To see this, let us calculate the relevant corrections in the Einstein frame, already defined in Sec.2. The metric to be used now is (17) and the steps to be followed are precisely the same as those in Sections 3-6. However, it is not necessary to do them explicitly. Instead, one may simply use the replacements given by η→η+σ, ξ→ξ+σ and σ→2σ in the desired expressions computed in the Jordan frame. . This implies that the definition of "static" observers, for which no Sagnac delay exists, is preserved even though the physics in the two frames differ widely. However, δτ 0 of Eq.(39) changes to
The exact expression for the delay, that is, δτ between the two frames are also related in the same way and under the approximations as before , we find, from Eq.(50):
It is evident that, except for a minor change in the third term, the rest remains the same. It is fair enough to say that δτ (E) ≅δτ
. 
The difference becomes, using Eq.(69),
Once again, we can say, up to the orders considered, that .
The exact expression for
can be easily obtained from Eq.(77) under the specified replacements. We shall here write only the approximated final result, from Eq.(81):
Only in this case, there might be an appreciable difference between the predictions in the two frames σ has a very large value compared to η.
DISCUSSIONS 8.1 Numerical Estimates
In the foregoing, we calculated the effect of the BD scalar field on the gravitational corrections to the STR Sagnac effect in the Jordan and Einstein frames. The theories based on these two frames differ widely in their physical interpretations. Three types of source/observer trajectories were considered, viz., equatorial, polar and geodesic. In the Jordan frame the corresponding expressions are eqs. (50), (69) and (81), while in the Einstein frame, these are eqs. (83), (85) and (86). All these expressions reveal the effect of the scalar field through the presence of η, ξ and σ. Since these parameters are connected by Eq.(10), it is clear that the knowledge of any two would suffice in determining the remaining one. Measurements of the correction terms would place upper limits on the values of η and σ, once a particular frame is chosen. These limits would translate into a limit on ϖ, via eqs. (8) and (10) ( )
where Ω and ω 0 are, respectively, the angular speed of the coordinate system rotating about the origin (turntable) and orbital angular speed of the source/observer w.r.t. this turntable [28] . If the coordinate system is nonrotating, that is Ω=0 but ω 0 ≠ 0, then
and conversely, if the source/observer is fixed to the turntable such that ω 0 =0 but Ω≠0, then
The effect is doubled if the source/observer has ω 0 = Ω≠0
and is zero if ω 0 = -Ω, that is, when the source observer is moving on the turntable opposite to its rotation but with the same angular speed Ω.
Tartaglia [12] considers the case when the source/observer is fixed to the equator of the Earth, which means one has to consider Eq. (89) s. In order to compare Eq.(92) with the corresponding situation in the BD theory, we should consider the case when the source/observer is fixed on the surface of the Earth, viz., ω 0 =Ω ⊕ . The various correction terms are, for the equatorial orbit, putting ω 0 =Ω ⊕ in Eq.(50): Hz, and ignoring for the moment the BD parameters (η-2ξ) and (σ-η), the expected fringe shift would be ~10 -2 . Thus, if the observed shift deviates from this value considerably, then we might interpret it as signaling the existence of BD scalar field.
In computing the polar and geodesic cases, Tartaglia [12] considers polar and geodesic trajectories of the same radius R =7×10 (σ-η) ] would put bounds on either ξ or σ. One then has to compare these bounds with the Kerr values in order to determine whether a BD scalar field is feasible or not.
Optical and matter-wave interferometric measurements
Bounds on η and/or 
versus the uncorrelated state shot-noise limit of ( )
On the other hand, the use of material particles instead of light holds great promise in the field of interferometry and rotational sensors. The advantage of using matter over light in interferometers can be seen as follows: consider interferometer with semicircular arms rotating with angular frequency Ω about an axis through its center and normal to the loop plane depicted in Fig.(1a) . In a given time T, particles traversing in the same and opposite rotational sense as the interferometer will travel a distance [32], which is comparable to the best active ring laser gyroscopes, and they are getting better.
The use of quantum entangled input states or correlated-two-input-port interferometers offers exciting possibilities for the future [30] . A single input-port interferometer can be considered as a two-input-port device where light or matter enters in one port (i.e. one side of a beam splitter) as the source and the ever present vacuum enters the second (empty) port. The minimal detectable phase scales as ( )
where N is the number of particles passing through the device in unit time. In a two-input-port device, a non-vacuum state is presented to each port and is correlated at the input beam splitter as shown in Fig.(1b) . The use of quantum entangled states (for both matter and light) leads to a minimal detectable phase sensitivity scales as ( )
. It can be shown that a two-input-port matter-wave interferometer can be 6 10 more sensitive than a single-input-port matter-wave interferometer, a two-input-port optical interferometer can be 8 10 times more sensitive than a single-port optical interferometer, and a two-input-port matter-wave interferometer can be an impressive 10 10 times more sensitive than a single-input port optical interferometer.
Clearly there are considerable technical challenges to overcome in bringing such devices to fruition. Decoherence, the intrinsic quantum decay that ensues when a quantum system is coupled to undesired states, can degrade the performance of matter-wave or entangled quantum detectors and reduce the phase sensitivity back down to ( ) [33] . This result can sometimes occur since, although the phase sensitivity increases with the number of particles N used in the interferometer, the decoherence rate grows commensurately. However, even with decoherence issues considered, current experiments are already making significant strides towards realizations of matter-wave and entangled quantum state interferometers useful for measuring the Sagnac effect [32] . With such promise, we may someday soon be able to experimentally detect the higher order general relativistic corrections to the Sagnac effect and be able to place tighter bounds on the BD parameters.
Geodetic and Lense-Thirring Precession
We can also investigate the effects of the KB metric on the precession of a spherical gyroscope in a circular polar orbit around the Earth as a means to experimentally measure or bound the values of the parameters . , , σ ξ η
The Stanford Gravity Probe-B Experiment [34] is just such an experiment which will use a superconducting niobium coated quartz spherical gyroscope (machined to a precision greater than 10 -6 cm) to detect gravitational precession effects arising from the geodetic motion of the satellite and due to the rotation of the Earth (Lense-Thirring effect). In the following, we follow the calculation of Ohanian and Ruffini [35] by writing the KB metric to first order in are used since a change in the rectangular components of the spin vector can be immediately attributed to the curvature of spacetime, whereas a change in curvilinear components contains contributions both from the curvature of the coordinates and the curvature of spacetime.
We begin with the KB metric in the Jordan frame, Eq.(9), and expand it to first order in ζ ε , to obtain ( ) 
The change to a radial isotropic coordinate is the same as in the Schwarzschild case (see [36] , p196ff and p256ff) and is given by , where a=-J/Mc is the angular momentum per unit mass of the rotating body (for a body rotating in the positive sense J>0, a is negative, see [36] p258).
We are now interested in computing the change in the spatial components of the spin µ S of a gyroscope in a circular polar orbit, as depicted in Fig. (2) . We will first evaluate the parallel transport equations for the spin at a single point A lengthy, though straight forward, calculation yields the Christoffel symbols evaluated at the point
We note that in the co-moving reference frame of the satellite the spin is purely spatial The terms proportional to v give rise to the geodetic precession while those proportional to a give rise to the Lense-Thirring precession. Although Eq.(99) was derived for a specific point on the orbit, we can generalize to any point on the orbit as follows. For a=0 we can write Eq.(99) as
where g S refers to the geodetic contribution to the spin and
is the Newtonian gravitational potential. We are interested in the long-term secular change in the spin. As such we express the orbit of the satellite as A similar calculation can be performed for the "gravimagnetic" terms proportional to a in Eq.(99). These Lense-Thirring terms lead to precession of the spin in the direction perpendicular to the orbit and in the same sense as the rotation of the Earth ("frame dragging"). 
where ⊕ Ŝ is a unit vector in the direction of the spin of the Earth (here values of these precessions, any possible deviations due to the Kerr-like BD scalar field should be detectable. Finally, we can express the precession rates calculated above in the Einstein frame by making the same replacements as in Sec. 7 i.e., η→η+σ, ξ→ξ+σ and σ→2σ in Eq.(101) and Eq.(103) .
SUMMARY
In summary, we have shown the following: For the first time, we have examined how the presence of a BD scalar field modifies the gravitational correction terms to the Sagnac effect. Its presence introduces a combination of different BD factors η, σ, ξ into the correction terms. The obtained results are of both theoretical and practical importance: The values of η and σ away from the Kerr values could change the pure gravitational correction terms considerably. The most remarkable result is that Eq.(81) indicates the possibility that the presence of the scalar field can be detected directly from the measurements of the basic Sagnac effect through the estimation of η . Eq.(69), which does not depend upon the basic effect, provides, for the Earth bound experiment, a fringe shift ~10 -1 (σ-η), which should also be measurable given the accuracy attained by the current technology. The Einstein frame calculations do not differ from those in the Jordan frame except in the combination of BD parameters. In Eq.(101) and Eq.(103) we have calculated the geodetic precession and the Lense-Thirring effect due to the KB metric for a satellite in a geodetic circular polar orbit about the Earth. These expressions, which are appropriate for the upcoming GravityProbe-B experiment, offer another means of setting experimental bounds on the parameters ξ σ η , , in the KB metric. All the equations presented in this work reduce to those in the Kerr case worked out by Tartaglia [12] . Lastly, Eq.(35) represents the exact BD expression for the gravitational analog of the Aharonov-Bohm effect [10, 37, 38] . We have to say more about this in a forthcoming paper.
